Thermal diffusion in stratified media is important in many applications such as electronic packaging, optical disk recording, and nondestructive evaluation. A straightforward algorithm is presented for the solution of the one dimensional thermal diffusion equation in a stratified medium containing a modulated heating source. In this context, media with thermal conductivity (or diffusivity) gradients normal to the specimen surfaces can be considered stratified media. Interface thermal resistance is easily incorporated into the calculation. In the case of heat sources varying in the x-y plane parallel to the layers, the procedure can be used to find the x-y Fourier transform of the temperature. In the case of a multilayer stack of rectangular cross section, the procedure can be used to fiind the coefficients of the x-y Fourier series expansion of the temperature.
The procedure is also applicable to solving a wider range of problems: 1) Layered systems containing heating sources distributed in the x-y plane parallel to the layers. The procedure yields the x-y spatial Fourier transform of the temperature distribution. 2) Layered systems having a rectangular cross section. The procedure yields the coefficients of the x-y spatial Fourier series expansion of the temperature.
Matrix formulation
The one dimensional homogeneous differential equation that describes heat diffusion for a modulated heating source of angular frequency co is. ( 2 ) where, m^= -i-, and and T constants to be determined. (3) and (4), we obtain = r;(^)+r,(^), (5) yX(^)
where 7y =«/«/• Equations (5) and (6) can be represented as a matrix equation
Ti=r,,T"
where
Equation (7) relates the temperature on two sides of an interface.
If the interface between two media contains a thermal resistance, R [ref. 6 ], then eq.
The relationship between the temperatures at two points separated by a distance L=Zj-Zi with no intervening heat source in a given medium a is where.
Thus, eqs. (7) and (9) The temperamres in all of the layers can be obtained from Tq* and^i V+l by successive applications of the vector relationships eqs. (7) and (9).
General Procedure
To solve for the temperamre distribution throughout the multilayer stack for a heat source at position z=Zj_j+t, we must first solve for the components of the vectors A and B.
These are given by By inserting the components of A and B into eqs. (15) and (16), we obtain the temperatures at the outer surfaces of the multilayer stack. Successive applications of eqs. (7) and (9) allow us to obtain the temperature at any location within the stack. If heating occurs at an interface between two media, such as to position z=Zy_j, we just take the limit as
If there are heat sources at two or more coordinates, we solve for the temperature for each source separately and then sum the solutions. In the case of a heat source distributed along z, the solution obtained above can be used as the Green function for obtaining the solution.
Spatially Varying Heat Source in a Multilayer System
In the previous discussion, we assumed that heat was applied to a plane uniformly. We see that the temperature is the inverse two dimensional Fourier transform of two terms.
The two dimensional Fourier transform of q{x,y) can be written as (24) If we match the boundary conditions at an interface between two layers using eqs. (20) and (24), we obtain a matrix equation of the same form as eq. (12) with Fourier transforms of the temperarnre and the heat source replacing the temperature and heat source of the one dimensional case. In addition, eqs. (21) and (22) have the same form as the terms in eq. (2) . Thus, the formalism developed for the one dimensional case can be seen to apply directly to the Fourier transforms of the higher dimensional case. In the case of an axially symmetric heat source in the xy plane, the formalism holds as well except that we must use Hankel transforms instead of Fourier transforms. 6 . Multilayer System with Rectangular Cross-Section The procedure described above also applies to a buried planar heat source in a multilayer system having a rectangular cross-section of dimensions and L^. 
